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1950 Selberg [Sel,2] $\mathcal{H}$
$\triangle=y^{2}(\frac{\partial^{2}}{\partial x^{2}}+\frac{\partial^{2}}{\partial x^{2}})$
$L^{2}(\Gamma\backslash \mathcal{H})$ Selberg
Selberg zeta Selberg zeta $\Gamma=SL_{2}(\mathrm{Z})$
:
$Z_{\Gamma}(_{S)}= \{P\}_{\Gamma},\mathrm{t}\mathrm{r}\prod_{\mathrm{O}P\mathrm{o}>\mathit{2}}\prod_{n=0}^{\infty}(1-N(P\mathrm{o})^{-}’ -n)$ $({\rm Re}(S)>1)$
tr $\Gamma$ hyperbolic $\mathrm{F}$- $N(P_{0})$
$(>1)$ 2 $Z_{\Gamma}(S)$ ${\rm Re}(s)>1$ Selberg
$s$-
Selberg –
$\Gamma$ arithmetic $Z_{\Gamma}(S)$ arithmetic
:
$Z_{\Gamma}(s)= \prod_{n=0D>}^{\infty}\prod 0(1-\mathcal{E}_{D}^{-2-})^{h}\mathit{8}2n(D)$
$D$ $D\equiv 1$ mod 4 $D\equiv 0$ mod 4 $h(D)$
$D$ 2 2 $SL_{\mathit{2}}(Z)$- $\epsilon_{D}$ Pell
$x^{2}-Dy^{\mathit{2}}=4$ $( \epsilon_{D}=\frac{t+\beta\sqrt{D}}{2}, t^{\mathit{2}}-D\beta^{2}=4)$ $\epsilon_{D}>1$
Hejahl [He] p.518
[Arl, 2] Jacobi
theta multiplier system Selberg zeta Selberg zeta
961 1996 1-10 1
2 Jacobi
Theta
$e(w)=\exp(2\pi iw)$ $(w\in \mathrm{C})$
$\circ$
$D$ $\mathcal{H}$ $\mathrm{C}$ : $D=\mathcal{H}\cross \mathrm{C}$ . $m$ $r$
theta
$\theta_{r}(\tau, z):=\sum e(\lambda\in \mathrm{z}m\mathcal{T}(\lambda+\frac{r}{2m})\mathit{2}Z+2m(\lambda+\frac{r}{2m}))$ $(\tau, z)\in D$
$\theta_{r+2m}(\tau, z)=\theta_{r}(\mathcal{T}, Z)$ $r$ $\mathrm{Z}/2m\mathrm{Z}$
$\tau,$ $z$
2 theta Jacobi $\theta_{r}(\tau, z)$
$z$
$\theta_{r}(\tau, z+\lambda_{\mathcal{T}+}\mu)=e(-m\lambda \mathit{2}-2m\lambda Z)\theta r(_{\mathcal{T}}, z)$ $\lambda,$ $\mu\in \mathrm{Z}$
$\tau$ $\mathrm{Z}/2m\mathrm{Z}$
– theta $\theta_{r}(\tau, z)(r\in \mathrm{Z}/2m\mathrm{Z})$
$\Theta(\tau, z)$ :
$\Theta(\tau, z):=(\theta_{r}(_{T},z))_{r}\in \mathrm{Z}/2m\mathrm{Z}=$ .
$z\in \mathrm{C},$ $z\neq 0$ $z^{1/\mathit{2}}$ \mbox{\boldmath $\pi$}<argz $\leq\pi$
theta
$( \star)\Theta(M(_{\mathcal{T},Z}))=e(\frac{mcz^{2}}{c\tau+d})(CT+d)^{1}/2U(M)(\tau, Z)$ $\forall M=\in\Gamma$
$M( \tau, z)=(\frac{a\tau+b}{c\tau+d},$ $\frac{z}{c\tau+d}$
$U(M)=(u_{r,g}(M)),,S\in \mathrm{z}/\mathit{2}m\mathrm{Z}$ unique $2m$ unitary
$U(M)$ modular $\Gamma$ :
$U(M_{1}M_{2})=\epsilon(M_{1}, M_{\mathit{2}})U(M1)U(M_{\mathit{2}})$ $M_{1},$ $M_{2}\in\Gamma$ , $\epsilon(M_{1}, M_{\mathit{2}})=\pm 1$
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$\mathrm{f}\underline{\mathrm{f}\mathrm{i}^{1}\rfloor}$ $m=1$ : $\mathrm{Z}/2Z=\{0,1\}$
$\theta_{0}(T, z)=\sum_{\lambda\in \mathrm{Z}}e(\tau\lambda^{\mathit{2}}+2\lambda_{Z})$ , $\theta_{1}(\tau, z)=\sum_{\lambda\in \mathrm{Z}}e(\tau(\lambda+\frac{1}{2})\mathit{2}+2Z(\lambda+\frac{1}{2}))$ ,
$(\mathcal{T}, Z)=$ .
$U()=$ , $U()= \frac{1+i}{2}$ .
( [E-Z] )
Jacobi





$M=\in G$ , $\lambda,$ $\mu,$ $\rho\in \mathrm{R}$
$Sp_{2}(\mathrm{R})$ $(\#)$ $(M, (\lambda, \mu), \rho)$
$G=SL\mathit{2}(\mathrm{R})$ $Marrow(M, (0,0), \mathrm{o})$ $G^{J}$ Jacobi
$G^{J}$ $G$ Heisenberg $H$ :
$G^{J}=G\triangleright H$
3
$H=\{(1_{4}, (\lambda,\mu),\rho)|\lambda, \mu, \rho\in \mathrm{R}\}$
Jacobi $G^{J}$
$\mathrm{C}$ $D=\mathcal{H}\mathrm{x}\mathrm{C}$ : $g=(M, (\lambda, \mu), \rho)\in G^{J}$ $(\tau, z)\in D$
$g( \tau, z):=(\frac{a\tau+b}{c\tau+d},$ $\frac{z}{c\tau+d})$ .
$M=$ $m\in \mathrm{Z}_{>0},$ $k\in \mathrm{Z}$
$J_{m,k}(g, (_{\mathcal{T},Z})):=(C \mathcal{T}+d)ke(-m\rho-m\lambda^{2}\mathcal{T}-2m\lambda z+\frac{cm}{c\tau+d}(_{Z}+\lambda \mathcal{T}+\mu)^{2})$
$J_{m,k}(g1g2, (\tau, z))=Jm,k(g1,g_{\mathit{2}}(\mathcal{T}, z))Jm,k(g_{\mathit{2}}, (\mathcal{T}, z))$ $(g_{1}, g_{\mathit{2}}\in c^{j})$
$G^{J}$ $\Gamma^{J}$
$\Gamma^{J}:=\{(M,(\lambda,\mu),\rho|M\in\Gamma, \lambda, \mu, \rho\in \mathrm{z}\}$
(Jacobi forms of weight $k$ , index $m$)











$J_{k,m}^{cusp}(\mathrm{r}):=\{\varphi\in J_{k,m}(\Gamma)|c(n, r)=0$ if $4mn-r^{2}=0\}$
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Remark weight $k$ , index $m$ Jacobi Eichler-Zagier
exposition [E-Z] o
Jacobi theta









(ii) $\varphi(\gamma(_{\mathcal{T},Z}))=J_{m,0}(\gamma, (\tau, z))(C\tau+d)^{n^{-}}\mathrm{A}\cross$
$|_{C\tau+d}|\varphi(\mathcal{T}, Z)$ $\forall\gamma\in\Gamma^{J}$
(iii) Fourier
$J_{k}^{sk},(m\mathrm{r})$ weight $k$ , index $m$ skew-holomorphic Jacobi Fourier
.
$\varphi(_{\mathcal{T}}, z)=\sum_{n4m-\prime}n,r\in \mathrm{z}2\leq 0c(n,r)e(n\overline{\tau}+\frac{i}{2m}r^{2}{\rm Im} \mathcal{T}+rZ)$
$(\varphi\in J_{k}^{sk},(m\Gamma))$
cusp forms




$m$ $U(M)$ $(\#)$ theta multiplier system
$U(-1_{\mathit{2}})$ Ci/2
$U(-1_{\mathit{2}})=e-\pi\dot{*}/\mathit{2}$ . $QQ^{-1}$ $\exists Q$ $2m$
$U(M)$ $U(-1_{\mathit{2}})$
$U(M)=QQ^{-1}$ $\forall M\in\Gamma$
theta even theta odd theta
$U_{\pm}(M)$ Fischer [Fi] multiplier system Hejhal $[\mathrm{H}\mathrm{e}]_{\text{ }}$ Fischer
[Fi] multiplier system Selberg zeta – theta
multiplier system $U_{\pm}(M)$ 2 Selberg zeta :
Selberg zeta [Arl, 2]
$Z_{m,\pm(_{S)}}:= \prod_{\{R)\}\Gamma,\mathrm{t}\mathrm{r}P\mathrm{O}>2n=}\prod_{0}^{\infty}\det(1m\pm 1-U_{\pm(}P0)N(P_{0})^{-S-}n)$
zeta $Q$ $U_{\pm}(P\mathrm{o})$ unitary
$Z_{m,\pm}(s)$ ${\rm Re}(s)>1$
$m=1$ $Z_{m,+}(s)$
[Ar2] – Selberg zeta
Selberg zeta :
$k$ $0$ $\kappa=(k-1/2)/2$
$j_{M}(\mathcal{T}, k):=\exp(i(k-1/2)\arg(cr+d))$ $(M=M=\in G$









$\mathcal{H}_{k}(s)$ Jacobi ([Arl], Proposition
51)
$k\geq 2\Rightarrow \mathcal{H}_{k}(\kappa)\cong J_{k}^{C},usp(m\Gamma)$ $( \kappa=\frac{k-1/2}{2})$ .
”Multiplier system Selberg ” – Multiplier
system Selberg Hejhal [He]
Fischer [Fi] self-contained
2
Fischer formulation Selberg zeta
Jacobi ( [Arl,
2] )
Theorem 1 ([Arl], Theorem43) Selberg zeta $Z_{m,\pm}(s)$ $s$













$(\star)$ $J_{\mathit{2},m}^{cusp}(\Gamma)$ $J_{1,m}^{sk}(\Gamma)$ (duality)
([Sk-Za2], Sect 3, (11) )









$\mathrm{T}\mathrm{h}\infty \mathrm{r}\mathrm{e}\mathrm{m}2,$ $(\mathrm{i}),$ $(\mathrm{i}\mathrm{i})$
Theorem 3 (i) $\mathrm{O}\mathrm{r}\mathrm{d}_{S}=3/4Z_{m},+(s)=\frac{1}{2}\{\sum_{d|m}1+\delta(m=\mathrm{s}\mathrm{q}\mathrm{u}\mathrm{a}\mathrm{r}\mathrm{e})\}$
(ii) $\mathrm{O}\mathrm{r}\mathrm{d}s=3/4zm,-(s)=0$ , i.e., $Z_{m,-}(3/4)\neq 0$
(i) Selberg zeta $z_{m,+}(s)$ $s=3/4$




Problem Selberg zeta $Z_{m,\pm}$ 2





(i) Gauss ([Sk-Za2], Theorem2 or [Ar2], Propo-
sition $3.6)_{0}$
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